Abstract. Our gaol is to generalize Littlewood's Subordination Theorem to the situations where the functions are not globally subordinate. On using our result we establish a relation between the moduli of the zeros of the subordinate function and the moduli of the zeros of the superordinate function. This fact has a consequence on the envelope of Lelong functional. At the end we give some coefficient inequalities of the subordinate and superordinate functions.
Introduction
Let f and g be two holomorphic functions, with f (0) = g(0). Suppose that, f is bijective and g(D) ⊂ f (D). Then ω(z) = f −1 (g(z)) is analytic in D, ω(0) = 0, |ω(z)| < 1 and g(z) = f •ω(z). In general, an analytic function g is said to be subordinate to an analytic function f if g(z) = f (ω(z)), |z| < 1, for some analytic function ω with |ω(z)| ≤ |z|. The superordinate function f need not be univalent. Littlewood's Subordination principle states that if f and g are analytic in the unit disk and if g is subordinate to f , then, for 0 < p < ∞, 0 < r < 1 we have:
Under its general form we have for any subharmonic function u in some neighborhood of f (D) :
For more detail see [1, chap.6 ].
Generalization
We start by establishing some notation. For r > 0, let D r = {z ∈ C, |z| < r} and D = D 1 . For X ⊂ C open, SH(X) denotes the set of all subharmonic functions on X and O(D r , X) the set of all holomorphic functions from D r to X. An element f ∈ O(D, X) is sometimes called an analytic disc in X of center f (0). The following theorem generalizes Littlewood's Subordination principle to the situations where g is not subordinate to f.
Before proving this theorem we will recall a result concerning proper holomorphic functions.
Under the assumptions in Theorem 1 we will use Perron method for the Dirichlet Problem on the closed unit disk D to define a superharmonic function V on the open set f (D) which is greater than u on f (D) and we use the properties of superharmonic functions to infer the inequality in Theorem 1.
Proof of Theorem 1. Let ǫ > 0, g , f and u be as in Theorem 1. As u is upper semicontinuous, then there is a sequence of continuous functions (ψ j ) j ⊂ C(X) which decreases to u.
for all θ ∈ [0, 2π] and j > 0. Then by Lebesgue dominated convergence theorem there is j 0 such that:
where x ∈ Ω see [2] . By Proposition 2, f −1 (x) is finite so v 1 makes sense. We will prove that v 1 is subharmonic on Ω. Let
, then by Removable Singularity Theorem, v 1 can be extended to a subharmonic function on Ω. One can find a similar work in [4, page73] .
We define a superharmonic function V on Ω on setting V = −v 1 . Notice that
We also have u
As V is superharmonic, v is harmonic and g(D) ⊂ Ω, then we have
Hence by the choice of ψ we get
This for any ǫ > 0 hence
Assume that f is proper then our Theorem 1 generalizes Littlewood's Subordination theorem to the situations where g is not subordinate to f . So on taking u = |.
One has the following interesting consequence. If two proper holomorphic functions g and f are such that g(0) = f (0) and g(D) = f (D), then they have the same hardy norm. From now we say that
The following theorem gives a relation between the zero sets of subordinate and proper superordinate functions.
m a log |a|. m a log 1 |a| .
With the convention a∈f
As g(0) = f (0) = 0 then for all r ∈]0, 1[ we have
It is well known for a continuous function f : D → D that, if f (0) = 0 then there is r > 0 depending on f such that f (z) = 0 for z ∈ D(0, r). Here we will prove that for holomorphic functions the choice of r may not depend of f .
Proof. Set a 0 = g(0) and f (z) = z+a 0 1+ā 0 z then f is proper and has a simple zero at −a 0 . Notice that g is subordinate to f . Now assume that there is b 0 ∈ D(0, |g(0)|) such that g(b 0 ) = 0, then
This is in contradiction with the theorem above. With the convention a∈f −1 (p) m a log |a| = 0 if the function f − p doesn't vanish.
The corollary above gives an idea about the location of the solutions of certain equations. For instance we have.
, where p j are points in X and m j are positive, then we define a disc functional
which is called the Lelong functional with respect to α. Its envelope is the following
In [5] it is proven that EH L α is subharmonic and it coincides with the Green function of X with several poles at p 1 , . . . , p N of weights m 1 . . . , m N . The theorem below states that the inf imum in the definition of EH L α is actually a minimum in a special case.
Then by Corollary 5 we get H
Remark that the value of EH
, where p is a point in X and m is nonnegative.
Theorem 8. Assume that X = X 1 × · · · × X n and X i ⊂ C, i = 1, ..., n are jordan domains, then at each point x ∈ X there is an extremal disc for EH
Take a ∈ {z 1 , . . . , z n } such that |a| = max{|z i |, i = 1, . . . , n}. We obtain an analytic disc f in X centered at x containing p on setting f (z) = (
We may assume that a = z 1 . Let g ∈ O(D, X) with g(0) = x remark that
Remark that on setting
, i = 1, . . . , n .
Corollary 9. Let g and f be two closed proper analytic discs in X, where
, then for any u ∈ SH(X) bounded one has:
2.2. Coefficient Inequalities. If g(z) = b n z n is subordinate to a proper function f (z) = a n z n , then the coefficients of f dominate those of g in a certain average sense.
Corollary 10. Let f (z) = ∞ n=1 a n z n be proper analytic in D, continuous on D and
So there is N > 2 such that lim n→∞ A n ≤ A n + |b 1 | 2 for n > N. Then by Theorem 1,
Here we compare the area of f (D r ) with the area of g(D r 2 ) for r small.
. This last inequality is equivalent to the inequality in the corollary.
We can also compare the Hardy norm of the derivatives on D r , r ≤ ( .
